PROBLEM 7.1:

NIn= 8In] = X (2)=2,8mz" = 1
n=-00

X, = 8[n-1] = Xx,[n-1)
=2 X:l(a')" i .X:_|(E)::

Xs(n)= §[n-7] = x,In-7]
= X,(2)= 2 X,(2)=
Xa[n) = 2&[m - 38[n1] + 44[n-3]
= 2x[n) —2xn-1) + 4X 3]
X, (2)= 2X,(2)-32'L,(2) +42°X (2)
— 2—- 32 $ 423
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PROBLEM 7.2:

yln] = x[n'] x[n-1]

/ /./@LAY PROPE 276

Y(z) = X(Z)- z' X (z)
= (-2 X (2

H)= Y& _ (-29%T(e)
& (=) X(z)

'

-2

This difference equabon is the

d?‘F‘-"‘.‘}R"‘ of +he “Frst (backward) dfﬁ(eﬂnce“
oPev-a {—\m
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PROBLEM 7.3:

@) yin= x{w]+ Sxw-| -2x[n-2] + 2x (n-3] +4 x[n 8]

§ <
H(z)= | +s2'-3€° t2 2 raz

(b) whaw  xM)= Sinl, You cam sobshtute,
hiwl= §18] +SSnaT-38 w21 + & L3 +480n-2]

NotE -
The d L{M Q,Cbua}'h:—u\ Cdo~ be

wrilteww  as:

y(“-l = g \)\a )(Yv\»kT

“Pheae +he iW\i>U|$—2- Y‘esromse_ will Jusf
toake . Ha valves Fivew bj Ha %\)k}

hiol= b, , \q[ﬂ‘: \D1 : ‘\(2:\:\)2) e o4
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PROBLEM 7.4:

(@) use filter coeffs: H(z)- L4

| 2
+§Z

w\-

(b\ Use Posih‘ve powers to extract Poles and Z2€40S

H(@)= m(52°+52+3)

(-rfwo POLES AT 2z-o0
zeros ot

z~-—-l+‘1l— -1
—zJ

le»‘l

2ems; | e-,) 2"/7.1,

(©) Ae2)= He®)= Hiz)lz-i®

- - )2u w w
=L+ e*’+€ J(e_ +1+€.J>
= e_ (1135__“&’) ANOTHER. FORMULA®
> A(S)= e"”("""(a“’/“’
35"\(“’/2

(d) use MATLAB

Magnitude

-0.5 -0.4 -0.3 -0.2 -0.1 0 01 02 03 04 05
Normalized Frequency (®/2m)

Phase

Radians
o

-2 1 1 1 Il 1 1 1 1 1 J
-0.5 -0.4 -0.3 -0.2 -0.1 0 01 02 03 04 05
Normalized Frequency (®/2r)
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PROBLEM 7.4 (more):

(€) Use Lmearnkj :" Fr&cbvcncy response at
oo_.o O= 1"/4, o.nd w— D""/B Theése are W\arkec\ on
the plo+s of +he Prahoemcj respense.

yinl= 470) + (%) )| cos(Fn-TF+2L74 (%))
=3 #(2W)| cos(%n + LAH(%))

N—
=0

7{[0)"4*-‘5 LB':’ . /
- - T

H(%) = (142334 5 = '—*——@e_J%_ 0.2047¢€’"t

H(A3) =0 becguse H(z)=0 at 2= 'J”%

' y[n’) 4 + 0.2047 coS('n —T—':)
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PROBLEM 7.5:

D
@ H(z)= (1-2") (1—Z")( (1+)2 )(I~O?e )() 0.9¢1"3 .,)
—— ¥————\f

| +2Z% ~

| —1.3cos(m)Z "'+ 0.2127
——

H(2)= ( - Z"+2'2—Z'3)( [-0.92 '+ 0.81 z’o’:)?

= =192 + 2N E2 20123 41712 - 08127
Dse Pelynomial coeffs as filter coeffs:

yfn'l = X[w]=1.9xIn-1] + 271 XLn-2) =271 x[n-3] + 1. 7Ix[n-4]- 0 2 x[n-5]

(b> H(2)=é} (Z—l)(E—J)(Z_(_j))(Z_O.c‘ejv/-s)(z_o.?e.ﬁr/s) |

FIVE PoLES THE FACTORED
AT Z=0 FORM GIvES ALu

THE ZERoGS

() The zeres on the vt civcle
will cavse V\u“mj of X[n)= AQJ jéon

Z—l"‘ﬁ“ S0 Ww=0 is noulled
. I
Z:A :eJ Ve So e‘) < 3 nUHQA

. —~\ /. o
Z=-1=€'"" 50 9% is nolled.

McClellan, Schafer and Yodegignal Processing FirstSBN 0-13-065562-7. This page should not be copied or electronically transmitted unless prior written
Pearson Prentice Hall, Inc. Upper Saddle River, NJ 07452003 permission has been obtained from the authors. December 29, 2003



{ [ Hmhi&w mnﬂ‘xmlﬂrﬂ%ﬂ i W\f\
PROBLEM 7.6:

@ Y, (2)= H () X(2)
Y@= H. ()Y, (2) = Hz(z)(H.(z)X(a))
= (H(2)H, (@) X (=)
N——rr

H(Z) because H(z)= 1)
X(z)

dﬂ Siwe  Hz(2)H,(2)= Hi(2)H.(2) beause
Hi(2) awd H2(2) ave scalar funchions.
= Y(2)= H(2) H.(2) X(2)
o )
means that Ho(z) s aprlf&l Frst
() H, (2)= %(I+2_'+2.2) bj usinj the Fl’PfCT Coeﬁ(s-
H(2) = H,(@) H.(?)
= 3(|+z"+z'z)--'—(\+z"+a'2)
= 5(1+22' ¢332 22 2. 21)
(&) Cowvert to differemce eﬁuahm (i.e., filter coeffs)
yinl= ‘(Xfﬂ +2x[n-1) +3x[n-2] +2x[n-3] + x[n-—ﬂ}

(e) Find the Polesﬁ Z€yos °F Hz(z)) then “dooble™
them because H(2)= H(2).

= Lz%(2 +2+\)
Ha(or= 524 @ |
ribul A e

L “contributes two 7 .
e poles at 2=0 ! i-l ;
26x05 ane ! . K
...|i:h_4_ e J_ _ 1-J21y3 ©. 1.

———=3%)% = (2)

2 Z—thse
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PROBLEM 7.6 (more):

£ ” . "
(> H(e¥) = Hi(e™ )H, (™)

R _120\=

= L(1+e¥¥4 )
oy A <A O N\-
e3*? (el 11+&7)

P% (1 +2es(@)

—
e

0|~

)

e
‘t
M) = % (1+2<es())

At

(

o, |H|=5(=1
=T, |H\-_-,-;-(,)2‘= Va

=21/2 |H|=0 because there is 2 zere
) > <.
on the ounit circle.

At &=, \H\=—L—l(l-2f‘= /4
i /

- % 7 ™

>

£ & T

t
t

g

[HEe™)]
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PROBLEM 7.7:

o
(3

Imaginary part
o

o
o

.
ey

McClellan, Schafer and Yodeignal Processing FirstSBN 0-13-065562-7.
Pearson Prentice Hall, Inc. Upper Saddle River, NJ 07452003

{ { { { X I I Ir, | J l l l JPJWMHW rﬂtu‘%*“’v\/w f\ N‘\

Lty 2
2.
" USE QUADRATIC FDRMULA
ON  THIs PART
L+ (g -4

-

o+ i Jie

4 J 3

—— b

MAG oF THESE RooTs
IS EXACTLY ONF.
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PROBLEM 7.8:

(P) Hiz)= F(1+2'+ 22 +2_3> b)/ vsing h[nl.

(&) Poles amd 2€fDs;
a3+zz+a+1 2TY -

| i -2 -
R = i)
—j2D s G20 —\20
N _ o (e.) ~ e __)
3 T —-e‘J“’ 4 e..ja;/,_<e+3u‘u/z_ é‘-_‘\w/z.>
1Y IS
e"‘) /2 gn(ZuD
sin(Luo)
At D=0, H(e")= 1’ 4=1
A « AN
At ©=%,m, -, H(el®) =0 beawe sin(zd)=o.
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PROBLEM 7.8 (more):

(&) vse maTLAB

Magnitude
1

008
o
206
c
0.4
=

0.2r

0.5 -0.25 0 0.25 0.5

Normalized Frequency (®/2r)
Phase

o)
C
«
©
[
o

-0.5 -0.25 0 0.25 0.5
Normalized Frequency (®/2r)

(f) evalvate H(cj‘z) of D=0, S=0.2m and S=0.5T
These are marked on the Freﬁuwcy res ponse F/ok

HE)=1  H(ei®?)= 0701 ed®®™  HE@*™)=0
= yrl = 5 + 4(0.771) cos(0-2Tn—0.3T) + O

=5 + 3,084 cos(o.2mn- 0-37)

McClellan, Schafer and Yode8ignal Processing FirstSBN 0-13-065562-7.
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PROBLEM 7.9:

(a) A 4-‘>oin+ MOVMS avevaqe s
ynl= L (01 + x[0-1} + x[n-27] +x0n-3])
H(2)= Ho(2)= £ + ;’;2" +—;;—z'2 +7',~z'3
Hiz)= H) H(2) = L (1+&+2% &)

(b) Find +he Po\es and zeros of H/(2), then
“double” -H\eM Switch to positive powers of 2.
H (2)= 2242+ 2+ | 2y Nowmerator factors:
c

q4z> (2+)(2%+))
3 poles =(2+ 1')(2{»\') )E-))
at 2=0 =P 2evoes od 2=-1, -5, +)
@-3 For Ahe . 1‘65?0\&52

H(ed* )= H(@) g ei®

LA A 28 _.3~ 3
H(e™ )= L (1437 &7 ) *)
This C3n bz re&ucea +°

o Dirichlet form.

o e (4O 30y, \#*
H(e_) ) “. (s\v?((c’//z) e) /7.)
sin(®vz2) 2¢ro Far 28 =k

-_)Bw sin (280 Y— = W=Tk/fH

45;,\(&/2_) Ak L=o, dey\omiv\a+or
(s also rEro

Nv MeroA'Dr is

Magnitude
1F i i 7 Phase
g 0.8 J - . .
2F i
2067 1 @
< 5]
0.4¢ 1 5 Of 1
= i
0.2 1 2t ]
-0.5 -0.25 0 0.25 0.5 -0.5 -0. 25 0. 25 0.5
Normalized Frequency (®/2m) Normalized Frequency (®/2m)
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PROBLEM 7.9 (more):

e)

H(z2)= ——-(|+z. v2%e2?)"
:7'—-(|+zz f3E 483432 287+ 2 )

Thvert ferw by term \

W[n)= l—"— Sin) + -"Z Sn-1] + %S[Jvil +-%~SL“-3] + %C S[n-4]
+ L 8-s] o+ -l‘-a S(n-¢)
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PROBLEM 7.10:

(@) Convert H(Z2) +o a dn’wqerev\ce ezbuah‘cm‘.
y[y\'}: X[W) -2xn-27 + 2x[n-3] + 4x[n-¢]
The most delay s & sawples , so the term
48n-4) in xInl s delayea +o 168[n-10].
The least awount of de'aj is 25(n) experiencing

no delay. TThos +he output starts ot n=o
ond ends at n=lo.

= yMl=o for n<o i n>10
N"-'O O.VIJ Nz':-Io

(b) T(2)=2 +2' —222+47

Y(2)=H(E) X(2)
= (1-3g 4283420 (242 28+ 42 ? )
— oy patiartoei®o3Edy (- 12Z¢ )
- - =1
ca 3 rogt 425,858 482 442 -8 HI6E
Combine terwms with commwion exfovxeyd-s
- - i -6 —7
Y(2)- 2 +2' -BE2 42 4122 42742 +12E
-2 ¢ 1L27°

Tnvert:
yiw}= 2600 + §in-i] -88n-2] + (03] + 12 8(n-4]
—4§(n-5]) - 4 Sin-b] +128(n-7] _34m-2]+ 14 Sv-16]
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PROBLEM 7.11:

omeg = pi/6;

nn = [ 0:29 ];

xn = sin(omeg*nn);

bb=[1 0 0 117;

aa =[11];

yn = filter( bb, aa, xn ); %<--- alternate form: yn = conv( bb, xn )

(a) 2 — - ~2 -3
H(z) | + iz +0Z%+ 12 A
e e e

(b) Determine a formula for y[n], the signal contained in the vector yn.

xw)= sin(“%) = cos (™Y, "Tr/z)
Dse H(&®) ok &= T/ .
H(e®)= H(2)]aeld = 1+ €

LY 'S ....'3“ ._.Tr/Z .
AT W= T/ H(ew™) = | + e /6= | +e = 1=}

= {Z &M
F yTi1= H(E™)\eos [ % + LHE™))
= (7 cos(™% " "T4)
= JZ cos(™/A - 374)

(c) Give a value of omeg such that the output is guaranteed to be zero, for n > 3.

ALL REROS LIE oN UNIT CIRCLE IN 2~F)QM¢
= H(e®)=0c fu O= T, T
whean H(@i':’)-.:.o Hae ou{'?u'l' will be Zero [o1 n23

OW\eﬁ':- 1\'/3 M om<€q =T
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PROBLEM 7.12:

A v v < MOULTIPLY
= (K1) @

= (-e)(rE)= -2t
y(n% x[n]— x[n-4]

N A 450
(BY H(e®)= H@) g ei® = 1- €Y
&S 12w —\2W
@) H(e™) = e (€J —€%) o o(Fer2s
= 2] é.jz" ein2d = (QSMQw)e

ALTHOVAGH
THIS HAS A

S\GN CHANGE
FOR w<o

— A
Wase: W -2

(d) BLock WHEN H(e™) =0
‘. SoLVE 25028 =o
= &= °, V%, T, T
(€) Need H(e'™) becaunse that 15 ‘H\,L
Frecbvaj of Hee \MFU+-

AN . (W= 274
H(e™) = (25in25) e

: 31r/—-411'/6\
= 2.(":?) e')( ¢

S S
_ e g o ze

X OVUTPUT 1S y[yﬂ:_ ECOS(‘L%+5_T£>
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PROBLEM 7.13:

ynd = x(v] = {2 x{n-1] + x[n-2] (7.6.7)
X["1= Acos(Tn HP) _ @e% 63“)6"“"/4%
= LA™ L agiteI™
P'vg into the difference ecbuakm'.
Jils LA, L pcite)™
- \r_;z: AT eW("-%_ 1—% Aéjcp e-)ﬂ(w-'7/4

yw(n-2)/4 iy e__jw(n -2)/4

+ Ae

CDHCC‘I’ —\’he COWMWOWN -l—erw;s'.

rihe’Te

. . _ 27/,
yiul = sAe¥ed™ (1 -2 &™) ¢! 4\)

+ L CJ‘? =) /4(1 \r2‘- JW/4 eJZW/ )

The Yerwms in parewtheses ave zeioe

2 MM s (1) () = 1m0

-z eV, ™ = |=(1+))+4 = 0O

A cb\u‘ckev solothion uUses H(z)

(2)= X&)
H 10 -2+ 22

The zeros of H(z) are 2= {z t{2-4

2
Nz 4 Nz ij%
=Z=nZ =€

<2 [hese zesos are on
the vnit civcle, so He

Signals €94 are  nolled.
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PROBLEM 7.14-

H(z)= 1-22%_4;14
hinl= §in1- 2 &2~ 4 §fn-4]

o
X\nl = 20¢’ + 20 cos( In + L) - 20 &in]

\ / /

H(el)-20  ~eed H(e™)  —20hn]
H(e) = -2 &I2%_ 4998
H(ejo)—— 1 —2-4 = -5

. -1 -2
H(el™) = (-2l =4

:14'2.“"4:"‘1

\

I}z =100 =20 cos(Tn+ T) - 20 §in]
+ 40 §[n-2] + 80 &[n-4]]

McClellan, Schafer and YodeBignal Processing FirstSBN 0-13-065562-7.
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PROBLEM 7.15:

{ HHM WY l .ﬂm

g el

x()= 4 + cos(250nt-14) - 5005(29—0%1*5)

with -Fs: 1000

X[ = x(’c)'*z%

= 4+Cos(15—2—*754)—-3cos(1-3“’-"),

Now, ron xia) ‘ﬁ\rouaﬂx. thoe, FiH-M H(z).

To cLOSO we need -Frfcb/u,e,v\cj re.sFamg,e.

-2

CA _'v:\)
ak D=, W, 3a ey 1reiee

H(Ee) = 12t = o

— 2+{= __j?.-_‘_l'_é@_ — oSé‘i-JO%CI_.XD‘He

: . _:4
HE™ ™) = o (14377 + &™) = o

3

4

So, +Hhe oufFu{' of ~H\.Q dt‘s\'-\—a] Flteo vse
Y“ﬂ‘ 4 + 0.3047 Cos(In-— -—-) + O

Now cowvert back to Qu&\og
hN——s 1t = looo't

y(ﬂ: 4 + 0.8047 COS[ 2somt -14)

a = 4 +0.80477 sim(zsomt)
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PROBLEM 7.16:

(a) H(z) has € zeros s: 14 P0)€s at 206
Tlhe deros aret 2=t 41, £, 0.9 oti™4

(b)Y  wiwl= x[w] —xin-41]
= He= 1-Z1 = (1rE)(-27).

'—ﬁ;je// H1/2) divide

. ,.'W/Q —{
H(z) _ a1 (| —o03eItE).
— I‘Ou E
H (%) ( e )

HJ(Z): 1/ bcos V4 Z'/+ b4

H,(z)=

() )/in']: X[n —-@-85)”"—'7 + 0.t4 x[n-2].
e

= 11314
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PROBLEM 7.17:
H(z) = by (1-2%) + b (Z'-2%)
= Z°h (2%2%) + Z2°b,(2-2")
() H(&®)= H(2)[,¢i®
_120 28 28y RS, 0 il
= ¥ 50(6’2 &) ) b,(e) _e.)“’)

A WA
2jsin(2) 2jsind

H(e:“:’) = [_2b°siv\(2«z) +Zb|sin(&)1 63(%—2&)

(>) H(%)= b, (1-2%) rb(2-2°)
= 2% b (2%-2°) + b (F-2)

== 24( Z-zbo (22-2.1)*'2-2}91 (2'2—')—]
\f H(z)

L HH=-2'H(2)
(C) Qewnevalize when bk= —Du-x for k=0,1,...M

W\\w M s €ven
by = by, = ~buy, = by, =0

Thew we can grevp 'I—Crw\s ds in PM+ (o)

M, -

H(z)= >, bkzk
k=D

e |

— ' (ZM/Z_Z-M/Z) + éM/z bl (Z'%'-l_z-%*")-‘-...

Each term in ParenH\eses will become a
sine Fuwc,h‘m
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PROBLEM 7.17 (more):

Mw

& i b, sin(( —k)w>
for M= odd \'n%‘eﬂex:

M e ot ow u’n+ejer, so there is no b& term.
< T ra

H(ed® ) =

We can shill pair b, £ b, , b, ¢ b, etc.
F\"\ﬂeva/ the same porwwlo. as above will ap)?’y’y.—
For examF)e when M=S‘ we get

H( )w)‘ =) 594 < 23 2‘)}) Sm( __-k)u::)

3(‘l“ Eu

= 2% (busin(£3Y 1 bysin(35) + bsin(3)

FNSTE: fhe upper it o Hhe sum is diffr
Since we pair b’&:‘. with bM,, the

Wt )
2

vpper limi}  becomes ML
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PROBLEM 7.18:

(@) H(2)= Hy(2)= 1+Z+2%+ 2>

(b) H(z)= Hy(2)Ha(@)= (1 +E'+E54+2°)°
(€) Muottiply ovt the product:
H(z)= 1+2Z +32°+ 48> +32%12é°+2
Invert #erm-by-term:
hw]= S[n] +250n-1] +38[n-2) +48[n-3] +35l-4]
+ 26[n-57 +68[n-¢]

d) vse +he Po/ynm:’:ﬂ COC#; of H(#) as #4’/116)/

C.OCyC‘)[l'Cme{—s:
ylnl= x[n] +2x[n-1] * 3x[n-27) +4x[n-3] + 3x[n-4]

+2x[n-57 +x[n-6]

(e) Linear inkrpola#w\ VSRS & ‘}T"ahju/ar/j
Shaped impulse réspowmse, which s exach

the ]EOY'M °£ )\[\»\7

hml ,_3141 ]3 .
' 1 23 4 56 7N
Theve are fwo. Pmb\ems with vsing hWiw)
divectly: The value at +he peak of the
‘l’v‘\'ana\e is 4, not 1, so we heed o scale
pa_c.for of %4- The pee-.k valve is at n=3,
not n=o, so +he ov{-?xrl‘ s Fime-shifted -
delajed bj 3.
Vpoce&um: (te s’n{-erPola-l-e xf»’] bj 4)
/4
n PuT 3 zZeros fn
x"““"[ 1 \be.{-waev\ ever’k-—o H(=) \__,é,_ﬁ' 1
1

$3W~‘7\e O'G Xin

(S

The ovtput y(vﬂ s 'xin) in%-er?olo.:l-eén but
shikbed by 3 samples.
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PROBLEM 7.18 (more):

-z*
(.ﬁ) Prove H,(2)= i~z

(l,a-')H,(;)zQ_—g')(l+i'+iz+i3) L
R T i e

4

:[-2“4
(j) H (z) and Hz(Z) have the same Foles i'zeros
co we Lind +he Foles amd zeqos of H\ (%)
and Plo+- +hem Ewice” in the z-plane.
2% | «a——RoOOTS = L=, j -]

-4
(z)= _l_.:_}_. =
H -2 2%(2-1) *— RooTs= O, |

The numerator amd denominator both hav&é
roots ot 2=1, so thesz cancel. We are | t
—l,+),-j omd 3 poles at 2=0.
(2)

with 2 zeres at 2=
=> H(z) has & &eips) twe
each at &= —l,+)amd—)j (.
H(Z) has G Foles ak z=0

R H (&)= H®la®
L omg gt (00 )

—eF T o () ()
_ é’)ﬁ/‘ sin(29)

- LA

sin(’2%) ;Jaa(sm(zm?

.~ YA A~
- ————— . ~
U..) H (e ) i € e Si V\( !iw
Magnitude
Phase
° :
g o
— C
= o
2+
-0.5 -0.25 0 0.25 05 -0.5 -0.25 0 .25 0.5
Normalized Frequency (®/2r)

Normalized Frequency (®/2m)
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